Spinning scalar solitons in anti-de Sitter spacetime  by Radu, Eugen & Subagyo, Bintoro
Physics Letters B 717 (2012) 450–457Contents lists available at SciVerse ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
Spinning scalar solitons in anti-de Sitter spacetime
Eugen Radu ∗, Bintoro Subagyo
Institut für Physik, Universität Oldenburg, Postfach 2503, D-26111 Oldenburg, Germany
a r t i c l e i n f o a b s t r a c t
Article history:
Received 7 August 2012
Received in revised form 19 September
2012
Accepted 21 September 2012
Available online 26 September 2012
Editor: M. Cveticˇ
We present spinning Q-balls and boson stars in four-dimensional anti-de Sitter spacetime. These are
smooth, horizonless solutions for gravity coupled to a massive complex scalar ﬁeld with a harmonic
dependence on time and the azimuthal angle. Similar to the ﬂat spacetime conﬁgurations, the angular
momentum is quantized. We ﬁnd that a class of solutions with a self-interaction potential has a limit
corresponding to static solitons with axial symmetry only. An exact solution describing spherically
symmetric Q-balls in a ﬁxed AdS background is also discussed.
© 2012 Published by Elsevier B.V. Open access under CC BY license.1. Introduction
Anti-de Sitter (AdS) gravity coupled to scalar ﬁelds only, has re-
ceived recently considerable attention. This simple model admits
both soliton [1–4], and black hole solutions (see e.g. [5–10]) with
interesting properties, the resulting picture being in strong con-
trast with the one found in the absence of a cosmological constant.
Moreover, since scalar ﬁelds generically enter the gauge super-
gravity models, the study of such solutions is also relevant to the
AdS/CFT conjecture.
However, most of the studies in the literature assume that the
scalar ﬁelds are real and have the same symmetries as the un-
derlying spacetime. It is interesting to ask if the known solutions
in [1–9] can be generalized for a complex scalar ﬁeld. In formu-
lating a scalar ﬁeld ansatz in this case, it is natural to take a
separation of variables
Φ(x, t) = e−iωtφ(x) (1.1)
(with t , x the time and space coordinates, respectively) such that
the energy–momentum tensor is time independent (note that in
general, φ(x) is a complex function as well). This model possesses
a conserved current
jμ = −i(Φ∗∂μΦ − Φ∂μΦ∗), jμ;μ = 0, (1.2)
and a conserved Noether charge Q , which is the integral over a
t = const. hypersurface of the jt component of the current.
Scalar ﬁeld conﬁgurations carrying a global U (1) Noether
charge have been extensively studied in the literature, for a
Minkowski spacetime background and four spacetime dimensions.
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Open access under CC BY license.While black hole solutions are rather diﬃcult to ﬁnd in this case
[11,12], the spectrum of smooth horizonless solutions with har-
monic time dependence is very rich. For example, one ﬁnds (non-
topological) soliton solutions even in the absence of gravity—the
so-called Q-balls [13–15]. There, the scalar ﬁeld possesses a po-
tential which is necessarily non-renormalizable.1 When gravity is
coupled to Q-balls, boson stars arise (see the review work [18]).
Moreover, in this case, solutions with rather similar properties are
found even for a potential consisting in a mass term only [19–21].
The self-gravity of such objects is balanced by the dispersive effect
due to the wave character of the complex scalar ﬁeld.
The study of boson stars and Q-balls in AdS spacetime has
received relatively little attention, only spherically symmetric solu-
tions being discussed so far [22–24] (see, however, the planar soli-
tons with a complex scalar ﬁeld in [25]). While the results in [22]
for a gravitating massive scalar ﬁeld without self-interaction are
rather similar to those valid in the asymptotically ﬂat limit, the re-
cent study [24] has shown the existence of some new features in
the case of Q-ball solutions.
For a vanishing cosmological constant, Λ = 0, the scalar solitons
admit also rotating generalizations [26–30]. These are stationary
localized solutions possessing a ﬁnite mass and angular momen-
tum. Interestingly, their angular momentum is quantized J = nQ
(with n an integer), and the energy density exhibits a toroidal dis-
tribution.
The main purpose of this work is to investigate the existence
of spinning scalar solitons for the case of a four-dimensional AdS
background.2 These solutions are found by solving numerically
1 It is interesting to note that Q-ball solutions appear in supersymmetric general-
izations of the standard model [16]. They may be responsible for the generation of
baryon number or may be regarded as candidates for dark matter [17].
2 Rotating AdS boson stars were found however in d = 3 [31] and also in d = 5
[32] dimensions, where a special ansatz proposed in [33] allows to deal with ODEs.
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ditions. Irrespective of the scalar ﬁeld potential, they exhibit the
same quantization of the angular momentum as for Λ = 0. We
ﬁnd that the spinning solutions emerge as perturbations of the AdS
spacetime for a critical value of the frequency which is ﬁxed by the
scalar ﬁeld mass and the cosmological constant. In the absence of
a scalar ﬁeld self-interaction, the basic properties of the solutions
are rather similar to those of the asymptotically ﬂat counterparts.
New features are found once we allow for self-interaction terms
in the potential leading to a violation of the positive energy condi-
tion. For example, we ﬁnd a class of solutions with a smooth ω = 0
limit, describing static axially symmetric solitons.
2. The model
2.1. The action and ﬁeld equations
We consider the action of a self-interacting complex scalar
ﬁeld Φ coupled to Einstein gravity with a negative cosmological
constant Λ = −3/2,
S =
∫
d4x
√−g
[
1
16πG
(R − 2Λ) − 1
2
gμν
(
Φ∗,μΦ,ν + Φ∗,νΦ,μ
)
− U(|Φ|)
]
, (2.3)
where R is the curvature scalar, G is Newton’s constant, the as-
terisk denotes complex conjugation, and U denotes the scalar ﬁeld
potential.
Variation of the action with respect to the metric leads to the
Einstein equations
Eμν = Rμν − 1
2
gμν R + Λgμν − 8πGTμν = 0, (2.4)
where Tμν is the stress-energy tensor of the scalar ﬁeld
Tμν =
(
Φ∗,μΦ,ν + Φ∗,νΦ,μ
)
− gμν
[
1
2
gαβ
(
Φ∗,αΦ,β + Φ∗,βΦ,α
)+ U(|Φ|)
]
. (2.5)
Variation with respect to the scalar ﬁeld leads to the matter ﬁeld
equation,
1√−g ∂μ
(√−g∂μΦ)= ∂U
∂|Φ|2Φ. (2.6)
The potential U can be decomposed according to
U
(|Φ|)= μ2|Φ|2 + Uint(|Φ|), (2.7)
where μ is the mass of the ﬁeld, and Uint is a self-interaction po-
tential. As discussed in [22] for μ2 > 0, this model possesses ﬁnite
mass solutions even in the absence of self-interaction, Uint = 0, the
so-called ‘mini-boson stars’.
However, the inclusion of an interaction potential may lead to
a more complex picture (see e.g. [35] for the Λ = 0 case). Our
choice of Uint was guided by the requirement that non-topological
solitons exist also in a ﬁxed AdS background. Moreover, we are
interested in the case when the solutions would possess a nontriv-
ial static limit. As discussed in [1], this requires the occurrence of
negative energy densities, i.e. U (|Φ|) < 0 in some region. Since, in
order to make contact with the previous work on mini-boson stars,
we restrict the numerical part of our study to the case μ2 > 0, this
implies that Uint is not strictly positive.
We have found that the simplest choice of the interaction po-
tential satisfying these conditions is Uint = −λ|Φ|2k , with k > 1and λ > 0. Most of the results in this work are found3 for k = 2,
such that
U
(|Φ|)= μ2|Φ|2 − λ|Φ|4. (2.8)
Although the action (2.3) together with (2.8) does not seem to cor-
respond to any supergravity model, it is likely that some features
of its solutions are generic. In particular, we have found basically
the same general picture for a more general potential (which was
used in the previous studies [28–30] on Λ = 0 spinning Q-balls
and boson stars)
U
(|Φ|)= μ2|Φ|2 − λ|Φ|4 + ν|Φ|6, (2.9)
provided that the new coupling constant ν > 0 is small enough.
2.2. The ansatz
We are interested in stationary axially symmetric conﬁgura-
tions, with a spacetime geometry admitting two Killing vectors ∂t
and ∂ϕ , in a system of adapted coordinates {t, r, θ,ϕ}. Thus the
line element can be written as
ds2 = −F0N dt2 + F1
(
dr2
N
+ r2 dθ2
)
+ F2r2 sin2 θ
(
dϕ − W
r
dt
)2
. (2.10)
The metric functions F0, F1, F2 and W depend on the variables r
and θ only, while
N = 1+ r
2
2
(2.11)
is a suitable ‘background’ function.
For the scalar ﬁeld Φ we adopt the stationary ansatz
Φ(t, r, θ,ϕ) = φ(r, θ)ei(nϕ−ωt), (2.12)
where φ(r, θ) is a real function, and ω and n are real constants.
Single-valuedness of the scalar ﬁeld requires Φ(ϕ) = Φ(2π + ϕ);
thus the constant n must be an integer, i.e., n = 0,±1,±2, . . . . In
what follows, we shall take n  0 and ω  0, without any loss of
generality.
2.3. The boundary conditions
The solutions in this work describe horizonless, particle-like
conﬁgurations. A study of an approximate form of the solutions
as a power series around r = 0 leads to the following boundary
conditions at the origin4:
∂r F i|r=0 = 0, W |r=0 = 0, φ|r=0 = 0 (2.13)
(with i = 0,1,2). At inﬁnity, the AdS background is approached,
while the scalar ﬁeld vanishes. Without any loss of generality, we
are choosing a frame in which the solutions do not rotate at inﬁn-
ity, the conformal boundary being a static Einstein universe R× S2.
The boundary conditions compatible with these requirements are
Fi|r→∞ = 1, W |r→∞ = 0, φ|r→∞ = 0. (2.14)
For θ = 0,π we require the boundary conditions
∂θ Fi|θ=0,π = 0, ∂θW |θ=0,π = 0, φ|θ=0,π = 0. (2.15)
3 Note that the exact solution with spherical symmetry in Section 3 covers a more
general range of k.
4 For spherically symmetric solutions, the scalar ﬁeld is nonvanishing at r = 0.
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the supplementary condition F1|θ=0,π = F2|θ=0,π , which is used to
verify the accuracy of the solutions.
Also, all solutions in this work are invariant under the parity
transformation θ → π − θ . We make use of this symmetry to inte-
grate the equations for 0  θ  π/2 only, the following boundary
conditions being imposed in the equatorial plane
∂θ Fi|θ=π/2 = 0, ∂θW |θ=π/2 = 0, ∂θφ|θ=π/2 = 0. (2.16)
2.4. The far ﬁeld asymptotics and global charges
For solutions with μ2 > 0 (the only case considered in the nu-
merics), the scalar ﬁeld decays asymptotically as
φ ∼ c1(θ)
r
3
2 (1+
√
1+ 49μ22 )
+ · · · . (2.17)
The physical interpretation of c1(θ) is that it corresponds, up to a
normalization, to the expectation value of some scalar operator in
the dual theory.
Without entering into details, we mention that the picture is
more complicated [36] if one allows for a tachyonic mass of the
scalar ﬁeld, μ2 < 0. For −9/4 < μ22 < −5/4, the general asymp-
totic behavior of the scalar ﬁeld is more complicated,5 with the
existence of a second mode apart from (2.17):
φ ∼ c1(θ)
r+
+ c2(θ)
r−
, (2.18)
where
± = 3
2
(
1±
√
1+ 4
9
μ22
)
. (2.19)
For this range of μ2 < 0, both modes above are normalizable in
the sense that the spatial integral of jt is ﬁnite, i.e. the scalar ﬁeld
possesses a ﬁnite Noether charge. To have a well-deﬁned theory,
one must specify a boundary condition at inﬁnity, i.e. to choose
a relation between c1 and c2, the standard choice being c2 = 0.
However, as discussed e.g. in [8,37], the solutions with a slower
decay at inﬁnity, c2 = 0, are also physically acceptable, the AdS
charges involving in this case a scalar ﬁeld contribution (thus the
expression (2.22) below would not be valid).
Restricting to the case μ2 > 0, the scalar ﬁeld decays asymptot-
ically faster than 1/r3 and thus the Einstein equations (2.4) imply
the following form of the metric functions as r → ∞
F0 = 1+ f03(θ)
r3
+ O (1/r5), F1 = 1+ f13(θ)
r3
+ O (1/r5),
F2 = 1+ f23(θ)
r3
+ O (1/r5), W = w2(θ)
r2
+ O (1/r4), (2.20)
in terms of two functions f13(θ) and w2(θ) which result from the
numerics, with
f03(θ) = −3 f13(θ) − 4
3
tan θ f ′13(θ), and
f23(θ) = f13(θ) + 4
3
tan θ f ′13(θ). (2.21)
A straightforward computation based on the formalism in [38]
leads to the following expression for the mass-energy E and angu-
lar momentum J of the conﬁgurations
5 For a ﬁeld which saturates the Breitenlohner–Freedman bound μ22 = −9/4,
one ﬁnds + = − = , and the second solution asymptotically behaves like
log r/r .E = 1
8G2
π∫
0
dθ sin θ
(
5 f13(θ) + 3 f23(θ)
)
,
J = − 3
8G
π∫
0
dθ sin3 θw2(θ). (2.22)
(Note that the same result can be derived by using the Ashtekar–
Magnon–Das conformal mass deﬁnition [39].) Moreover, the same
expression for the angular momentum is found from the Komar
integral:
J = 1
8πG
∫
Rtϕ
√−g dr dθ dϕ
= − 1
8G
∞∫
0
dr
π∫
0
dθ
[(
r4
√
F 42
F0
sin3 θ
(
W
r
)
,r
)
,r
+
(
r
N
√
F 32
F0
sin3 θW ,θ
)
,θ
]
. (2.23)
The solutions possess also a conserved Noether charge (i.e. the to-
tal particle number)
Q =
∫
jt
√−g dr dθ dϕ
= 2π
∞∫
0
dr
π∫
0
dθ 2r sin θ F1
√
F2
F0
φ2
N
(ωr − nW ). (2.24)
Since T tϕ = njt , from (2.23) and the Einstein equation Rtϕ = 8πGT tϕ
we ﬁnd that the generic relation
J = nQ (2.25)
(which was proven in [26] for asymptotically ﬂat spinning solu-
tions) holds also in the AdS case. As a result, the spinning solitons
do not emerge as perturbations of the spherically symmetric con-
ﬁgurations, i.e. there are no slowly rotating solutions in this model
(note also that the expression of the scalar ﬁeld potential was not
used in the derivation of (2.25)).
These scalar solitons have no horizon and therefore they are
zero entropy objects, without an intrinsic temperature. The ﬁrst
law of thermodynamics reads in this case [15] dE = ωdQ = ωn d J .
2.5. The numerical scheme
There are not many studies on numerical solutions of Einstein
gravity with negative cosmological constant coupled with matter
ﬁelds, describing stationary, axially symmetric conﬁgurations. The
model in this work provides perhaps the simplest test ground for
investigating various approaches and developing numerical tech-
niques for elliptic problems with AdS asymptotics.6
The solutions of the ﬁeld equations (2.4), (2.6) are found by
using an approach originally proposed in [40] for d = 4 asymp-
totically ﬂat solutions of Einstein gravity coupled with Yang–
Mills gauge ﬁelds. The equations for the metric functions F =
(F0, F1, F2,W ) employed in the numerics, are found by using
a suitable combination of the Einstein equations (2.4), Ett = 0,
Err + Eθθ = 0, Eϕϕ = 0 and Etϕ = 0, which diagonalizes them w.r.t.
6 Because the ansatz (2.12) has an explicit dependence on both ϕ and t , the scalar
ﬁeld is neither static nor axisymmetric. However, all physical quantities, such as
the current jμ and the energy–momentum tensor Tμν , will exhibit no dependence
on ϕ and t .
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concerns the status of the remaining equations Erθ = 0, Err − Eθθ = 0,
which yield two constraints. Following [41], one can show that
the identities ∇μEμr = 0 and ∇μEμθ = 0, imply the Cauchy–
Riemann relations ∂r¯P2 + ∂θP1 = 0, ∂r¯P1 − ∂θP2 = 0, with P1 =√−gErθ , P2 =
√−gr√N(Err − Eθθ )/2 and dr¯ = drr√N . Therefore the
weighted constraints still satisfy Laplace equations, and the con-
straints are fulﬁlled, when one of them is satisﬁed on the boundary
and the other at a single point [41]. From the boundary condi-
tions (2.13)–(2.15) we are imposing, it turns out that this is the
case for our solutions, i.e. the numerical scheme is consistent.
To obtain spinning boson star solutions, we solve numerically
the set of ﬁve coupled non-linear elliptic partial differential equa-
tions for (F , φ), subject to the boundary conditions (2.13)–(2.15).
We employ a compactiﬁed radial coordinate r¯ = r/(1 + r) which
maps spatial inﬁnity to the ﬁnite value r¯ = 1. Then the equations
are discretized on a non-equidistant grid in r¯ and θ . Typical grids
used have sizes 250× 30, covering the integration region 0 r¯  1
and 0 θ¯  π/2. (See [40] and [42] for further details and exam-
ples for the numerical procedure.) The numerical calculations are
based on the Newton–Raphson method and are performed with
help of the software package FIDISOL [42], which provides also an
error estimate for each unknown function. The typical relative er-
ror for the solutions in this work is smaller that 10−3.
3. The solutions in the probe limit
We shall start with a discussion of the solutions in a ﬁxed AdS
background, i.e. without backreaction, F0 = F1 = F2 = 1, W = 0 in
the metric ansatz (2.10). The problem is much easier to study in
this limit and the solutions exhibit already some basic features of
the gravitating conﬁgurations.
The usual Derick-type scaling argument (see e.g. the discussion
in [43] for the Λ = 0 limit) implies that the Q-balls in a ﬁxed AdS
background satisfy the following virial identity
∞∫
0
dr
π∫
0
dθ sin θ
[
Nφ2,r +
φ2,θ
r2
+ n
2φ2
r2 sin2 θ
+ 3
(
U (φ) − ω
2φ2
N
)
+ 2r
2
2
(
φ2,r +
ω2φ2
N2
)]
= 0, (3.26)
which was used as a further test of the numerical accuracy.
As usual in the absence of backreaction, the total mass-energy
E and angular momentum of the conﬁgurations are found by inte-
grating over the entire space the components −T tt and T tϕ of the
energy–momentum tensor.
3.1. Spherically symmetric conﬁgurations. An exact solution
In the spherically symmetric limit, Eq. (2.6) with a self-inter-
action potential Uint = −λφ2k admits the following simple exact
solution, which to our knowledge, was not yet discussed in the
literature:
Φ(r, t) =
(
μ2
λ
2 − 2ω2
( − 3)( + 1)
)
2
(
1+ r
2
2
)− 2
e−iωt, (3.27)
with  = ± , as given by (2.19).
For this exact solution, the coeﬃcient k of the self-interaction
term in the scalar ﬁeld potential (2.8) is ﬁxed by ,
k = 1+ 1

. (3.28)
This is a one parameter family of solutions which, for given input
parameters μ2, λ and , can be parametrized by the frequency ofthe ﬁeld. Choosing  = + leads to a range 1 < k < 5/3 for the
parameter k in the self-interaction potential, the solutions possess-
ing in this case a ﬁnite mass-energy and Noether charge:
E = V2
√
π
(
μ2
λ
) Γ ( − 12 )
Γ ( + 2)
(
2 − 2ω2
( − 3)( + 1)
)
× (2 + ω22(2 + 1)),
Q = V2
√
π
3ω
2
(
μ2
λ
) Γ ( − 12 )
Γ ( + 1)
(
2 − 2ω2
( − 3)( + 1)
)
, (3.29)
with V2 = 4π the area of two-sphere.
An interesting case here corresponds to k = 3/2, i.e. an
(Φ∗Φ)3/2 interaction term7 in the potential (2.8). This case is real-
ized for a scalar ﬁeld mass μ2 = −2/2 and a choice  = + = 2.
The total mass-energy and Noether charge of this solution are
given by
E = V2 π
108λ23
(
4− 2ω2)2(4+ 52ω2),
Q = V2πω(4− 
2ω2)2
18λ2
, (3.30)
being shown in Fig. 1 as a function of the frequency.
Remarkably, the picture in Fig. 1(a) has been recovered for most
of the numerical solutions with a self-interaction potential and
μ2 > 0 in this work (including the spinning ones with n = 0).
The occurrence of an extra-branch of solutions with ω > ωc (see
Fig. 1(b)) is a feature of the φ3 potential. (Note that this branch
does not appear for the exact solution with a φ4 potential.)
For the same value of the scalar ﬁeld mass, when choosing in-
stead  = − = 1 in (3.27), (3.28), one recovers the model with
a φ4 potential. Unfortunately, the total mass-energy of these so-
lutions, as deﬁned in the usual way as the integral of T tt , di-
verges linearly,8 E = Ediv + E0, with Ediv = −V2 (1−2ω2)2λ rc (where
rc → ∞), while the charge is ﬁnite:
E0 = V2π(1− 
2ω2)(1+ 32ω2)
16λ
,
Q = V2πω(1− ω
22)
4λ
. (3.31)
Solutions beyond the framework (3.27), (3.28) are found by
using a numerical approach, for a generic ansatz Φ = φ(r)e−iωt .
Here, for simplicity we restrict ourselves to the case of node-
less solutions. Then, for μ2 > 0 and a self-interaction potential
Uint = −λφ4, it turns out that the picture in Fig. 1(a) is generic.
For any Λ, the solutions exist for a limited range of frequen-
cies, 0  ω < ωc = +/. The mass-energy and Noether charge
are bounded and approach a maximum for some ω around ωc/2.
The same pattern is recovered in the presence of an extra νφ6
self-interaction term (with ν > 0), provided that the new coupling
constant is small enough.
3.2. Spinning scalar solitons in an AdS background
The spinning generalizations of these solutions are found by
taking n = 0 in the general ansatz (2.12). For a φ4 self-interaction
potential, apart from the winding number n, the input parameters
are , ω, μ and λ. However, the model admits the scaling sym-
metry r → r/μ, ω → ωμ,  → /μ, together with the scalar ﬁeld
7 A U (1)-symmetric cubic interaction (Φ∗Φ)3/2 in the potential is not unusual
in the Q-ball literature, see e.g. [44,45], such terms occurring in the minimal super-
symmetric standard model.
8 However, the mass can be regularized by supplementing the action with a suit-
able scalar ﬁeld boundary counterterm.
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Fig. 2. Left: The mass-energy E and angular momentum J of n = 1 spinning nongravitating Q-ball solutions are shown as a function of the cosmological constant Λ for two
values of the frequency ω. Right: The mass-energy E of n = 1 spinning nongravitating Q-ball solutions with a potential U (φ) = μ2φ2 − λφ4 + νφ6 are shown as a function of
the frequency for several values of the coeﬃcient of the φ6-term.redeﬁnition φ → φ/c, λ → λc2, which allows us to set μ = λ = 1
without any loss of generality.
The following picture appears to be generic for the numeri-
cal solutions in this work: ﬁrst, no solutions exist for frequencies
above a critical value ω = ωc . As ω → ωc , the solution emerges as
a perturbation around the ground state φ = 0, with
δφ(r, θ)  (r sin θ)
n
(1+ r2
2
)
1
2ωc
(3.32)
being the regular solution of the linearized Klein–Gordon equa-
tion in a ﬁxed AdS background (here we restrict our discussion to
nodeless conﬁgurations). The critical frequency is given by
ωc = n + +

, (3.33)
being found by requiring the perturbation δφ(r, θ) to be regular
at both r → 0 and r → ∞. This upper bound on the frequency is
universal, and holds also in the presence of gravity.
When decreasing the frequency, the non-linear term in φ starts
to contribute and the mass-energy and the angular momentum
of the solitons start to increase. Both E and J approach a maxi-
mum at some intermediate value of ω, decreasing afterwards. As
ω → 0, the solutions describe ﬁnite mass, static, axially symmetric
(for n = 0) solitons, though with a vanishing Noether charge.The dependence of the solutions on the cosmological con-
stant is shown in Fig. 2 (left). One can see that the pattern de-
pends on the value of the frequency. For ω > μ, the solutions
stop to exist for a maximal value of the cosmological constant,
Λ = − 4(μ2−ω2)2
3(ω(1+2n/3)+
√
ω2+4μ2n(n+3)/9 )2 (which results from (3.33)),
where both E and Q vanish in that limit. For ω < μ, one ﬁnds
solutions for all values of cosmological constant, including Λ = 0.
We have also constructed AdS generalizations of the ﬂat space-
time Q-balls with the usual potential choice (2.9). As one can see
in Fig. 2 (right), the picture found for the φ4-model is recovered
for small enough values of ν . However, for ν above a critical value
(around 0.67 for those parameters), the solutions exist only for
ωmin < ω < ωc (with ωmin > 0). Similar to the ﬂat space solu-
tions [29], both the mass-energy and Noether charge diverge as
ω → ωmin .
4. Gravitating scalar solitons
4.1. The spherically symmetric limit and a virial identity
We have found that all Q-balls in a ﬁxed AdS background allow
for gravitating generalizations. Moreover, nontrivial solutions are
found in this case even in the absence of a self-interaction term
E. Radu, B. Subagyo / Physics Letters B 717 (2012) 450–457 455Fig. 3. The mass-energy E and the angular momentum J are shown as a function of the frequency ω for (mini-)boson star solutions without a self-interaction potential (left)
and for gravitating Q-balls with a φ4 interaction potential (right).in the scalar potential (2.8), generalizing for J = 0 the static AdS
boson stars in [22].
Let us start with a brief discussion of the spherically symmetric
limit. Within the generic ansatz (2.10), (2.12), this corresponds to
n = 0, in which case the functions F0, F1, F2 and φ depend only
on r, with F1 = F2 and W = 0. However, the spherically symmet-
ric scalar solitons are usually discussed in the literature by using
Schwarzschild-like coordinates, by employing a line element9
ds2 = dr˜
2
H(r˜)
+ r˜2(dθ2 + sin2 θ dϕ2)− H(r˜)σ 2(r˜)dt2,
with H(r˜) = 1− 2m(r˜)
r˜
+ r˜
2
2
, (4.34)
and Φ = φ(r˜)e−iωt . The function m(r˜) corresponds to the local
mass-energy density, the total mass of the solutions being M =
limr˜→∞m(r˜). The equations of motion can be derived in this case
from the following effective action
Ieff =
∞∫
0
dr˜ σ
[
1
4πG
dm
dr˜
− r˜2
(
H
(
dφ
dr˜
)2
− ω
2φ2
Hσ 2
+ U (φ)
)]
, (4.35)
which allows us to derive a useful virial relation. Following [46],
we assume the existence of a solution (m(r˜),σ (r˜), φ(r˜)), with suit-
able boundary conditions at the origin and at inﬁnity. Thus, when
taking a rescaling of the radial coordinate r˜ → ξ r˜, the action the
action has a critical point at ξ = 1. This implies the following virial
identity10
∞∫
0
dr˜ r˜2σ
[(
1+ 3r˜
2
2
)((
dφ
dr˜
)2
+ ω
2φ2
H2σ 2
)
+ 3U (φ) − 4ω
2φ2
Hσ 2
]
= 0. (4.36)
9 The coordinate transformation between (2.10) and (4.34) is given by
dr/(r
√
N(r) ) = dr˜/(r˜√H(r˜) ), with r˜/r = √F1.
10 Note that in the probe limit (i.e. H = N , σ = 1), (4.36) reduces to (3.26) with
n = 0 and a dependence of the radial coordinate only.It is clear that the solutions with a strictly positive potential,
U (φ) > 0 (and thus ρ = −T tt = H( dφdr˜ )2 + ω
2φ2
Hσ 2
+ U (φ) > 0), owe
their existence to the harmonic time dependence of the scalar ﬁeld
(this holds already for solutions in an asymptotically ﬂat back-
ground [18]). However, in the AdS case, U (φ) is allowed to take
negative values, in which case, as seen from (4.36), scalar solitons
may exist even in the ω → 0 limit. The virial identity (4.36) is
supported in this case by the contribution of the potential (see
e.g. [1–3] for examples of spherically symmetric AdS scalar soli-
tons with w = 0).
4.2. Axially symmetric spinning solutions
Although we could not generalize (3.26) to include the gravity
effects, the conclusions implied by the virial identity (4.36) hold
also in the axially symmetric case. The solutions with a strictly
positive potential U (φ) > 0 are supported by the harmonic time
dependence of the scalar ﬁeld. The limit ω → 0 is allowed once
we consider the general potential (2.8) leading to negative energy
densities. Also, some details of the solutions, in particular the do-
main of existence, will depend on the parameters in the potential.
However, the proﬁles of the scalar ﬁeld φ and of the metric func-
tions Fi look always very similar.
Let us start with a discussion of those conﬁgurations with
U = μ2φ2 (usually called mini-boson stars in the literature), which
play an important role in the limiting behavior of the conﬁgu-
rations with a φ4-term in the potential. Restricting again to a
real mass of the scalar ﬁeld, μ2 > 0, the usual rescaling r → rμ
implies that the model depends on two dimensionless parame-
ters, μ and ω/μ, only, the factor 1/
√
8πG being absorbed in φ.
Our results show that similar to the spherically symmetric case,
the spinning solutions exist for a limited range of frequencies
0 < ωmin < ω < ωc , emerging as a perturbation of AdS spacetime
for a critical frequency ωc as given by (3.33). Thus, as expected,
the value ω = 0 is not approached in the absence of a scalar ﬁeld
self-interaction (ﬁnding AdS static solitons requires a violation of
the energy conditions, which is not the case for the boson stars
with U (|Φ|) = μ2|Φ|2 > 0). As ω → ωmin , a backbending towards
larger values of ω is observed, see Fig. 3 (left). We conjecture that,
similar to the spherically symmetric case, this backbending would
lead to an inspiraling of the solutions towards a limiting conﬁg-
uration with ω0 > ωmin . Note also that the mass-energy and the
angular momentum of these mini-boson star solutions stay ﬁnite
in the allowed range of frequencies.
456 E. Radu, B. Subagyo / Physics Letters B 717 (2012) 450–457Fig. 4. Left: The energy density of a static axially symmetric gravitating soliton with ω = 0, n = 2 is shown for several different angles as a function of the radial coordinate.
Right: The mass-energy E and the angular momentum J are shown as a function of the coupling constant α =√4πGμ2/λ for boson star solutions with a φ4 self-interaction
potential for two different frequencies.The picture is more complicated for solitons with a self-
interaction term in the potential. For simplicity, we shall restrict11
our discussion to the case of a φ4 potential (2.8). Without any
loss of generality, one can set μ = λ = 1 for the two parameters
in (2.8). This choice is achieved by using the rescaling r → r/μ,
 → /μ, ω → ωμ, together with a redeﬁnition of the scalar ﬁeld
φ → φμ/√λ. This reveals the existence of a dimensionless pa-
rameter α2 = 4πGμ2/λ, such that the Einstein equations read
Rij − 12 gij R+Λgij = 2α2Tij , with α = 0 corresponding to the probe
limit discussed in Section 3.
Starting with the dependence of the solutions on the frequency,
we have found that for a given Λ, this is ﬁxed by the parame-
ter α. The spinning solutions with large enough values of α exhibit
the same pattern as in the absence of a self-interaction term (al-
though with a smaller value of ωmin), and the picture in Fig. 3
(left) is recovered (the same result was found also for Λ = 0 so-
lutions [29]). However, for values of α below a critical value (i.e.
for large enough λ) the picture for Q-balls in an AdS background
is recovered.
Thus, for any n, the solutions exist for a range of frequencies
0ω < ωc , see Fig. 3 (right). In both cases, the conﬁgurations with
small E , J are just perturbations of AdS. These solitons branch
off from the AdS spacetime for the speciﬁc value of the frequency
given by (3.33).
However, different from the case discussed above with U (|Φ|) =
μ2|Φ|2, a self-interaction term in the potential leading to nega-
tive energy densities, allows for a nontrivial limiting solution with
ω = 0. This is a new type of soliton, which is different from other
solutions with gravitating scalar ﬁelds in the literature [1–3]. Al-
though it is static (∂/∂t being a Killing vector of the conﬁguration),
the geometry has axial symmetry only, being regular everywhere,
in particular at r = 0 and on the symmetry axis. Also, this solution
has a vanishing Noether charge; however, its mass-energy is ﬁnite
and nonzero (see Fig. 4 (left) for a plot of the energy density for
a typical conﬁguration with n = 2; one notices the existence of a
region with negative energy density, ρ = −T tt < 0).
Concerning the dependence on α2 = 4πGμ2/λ, a central role is
played here by the solutions with a |Φ|2 potential only. We have
found that for a range of the frequency ωmin < ω < ωc (with ωmin
the minimal allowed value of the frequency for the boson stars
11 However, we have also constructed gravitating solutions with a φ6-term in the
potential, in which case we did not ﬁnd new qualitative features.without a self-interaction term), the solutions exist for arbitrar-
ily large values of α. Similar to the asymptotically ﬂat case [29],
the limit α → ∞ corresponds (after a rescaling) to the solution
of the |Φ|2-model. The picture is different for smaller frequencies,
ω < ωmin , in which case there are no solutions in the |Φ|2-model.
The numerical calculations indicate that, in this case, the range
of α is bounded from above, and a critical conﬁguration is ap-
proached for α → αc , with αc depending on ω and . This limiting
soliton has a ﬁnite mass-energy and Noether charge. (These two
cases are illustrated in Fig. 4 (right).) Unfortunately, the numeri-
cal accuracy does not allow to clarify the limiting behavior at the
critical value of α. We notice only that, as α → αc , the metric
function F0 almost reaches zero at r = 0, while the other functions
remain ﬁnite and nonzero (although F1 and F2 take large values
at the origin).
We remark also that for all spinning solutions, the distribu-
tions of the mass-energy density −T tt are very different from those
of the spherically symmetric conﬁgurations, i.e. the typical energy
density isosurfaces have a toroidal shape. However, although the
violation of the positive energy condition is a generic feature of the
solutions with Uint = −λ|Φ|4 < 0 (at least for small enough values
of ω), the mass-energy of all our solutions as given by (2.22) is
strictly positive.
We close this section by noticing that, similar to the Λ = 0
case [30], the AdS rotating boson stars possess ergoregions in a
large part of their domain of existence. The ergoregion resides
inside the ergosurface deﬁned by the condition gtt = −F0N +
F2 sin
2 θW 2 = 0, in the metric parametrization (2.10). This type of
conﬁgurations are typically found for large enough values of ω, n
and α.
5. Further remarks
In this work we have initiated a preliminary investigation of
spinning Q-balls and boson stars in four-dimensional AdS space-
time. This study was partially motivated by the recent interest in
solutions of AdS gravity coupled to scalar ﬁelds only. The picture
we have found has some interesting new features as compared to
the well-known case of solutions with a vanishing cosmological
constant. Perhaps the most interesting new result is the existence
of axially symmetric solitons with a smooth static limit possess-
ing a vanishing Noether charge. Also, all solutions have an upper
bound on frequencies, which is ﬁxed by the scalar ﬁeld mass and
the cosmological constant.
E. Radu, B. Subagyo / Physics Letters B 717 (2012) 450–457 457Moreover, we expect the existence of a much richer set of
spinning scalar solitons apart from the solutions reported in this
work. For example, the Λ = 0 Q-balls and boson stars with odd
parity with respect to a reﬂection in the equatorial plane re-
ported in [30], should allow for AdS generalizations. In particular, it
would be interesting to construct AdS ‘twisted’ Q-balls and boson
stars, which combine features of both even and odd parity solu-
tions [43]. For such conﬁgurations, the scalar ﬁeld is endowed with
an (r, θ)-dependent phase, Φ = φ(r, θ)ei(nϕ−ωt+Ψ (r,θ)) = (X(r, θ) +
iY (r, θ))ei(nϕ−ωt) , such that the amplitude of the scalar ﬁeld van-
ishes in the equatorial plane. This would lead to a ‘topological
charge’ of the solutions (see [43] for the details of this construc-
tion in the ﬂat spacetime case). Also, the issue of AdS vortons, i.e.
spinning vortex loops stabilized by the centrifugal force, still re-
mains to be investigated. The results in this work suggest that the
AdS picture may be very different as compared to the one found
in the ﬂat spacetime limit [43,47].
A natural question which arises concerns the issue of higher
dimensional counterparts of the solutions discussed in this Let-
ter. Working in the probe limit, we have found that the gen-
eral picture we have presented for d = 4 remains valid for spin-
ning solitons with a single angular momentum in d = 5,6 di-
mensions. Therefore we expect it to be generic for any d  4.
Moreover, for the same self-interaction potential Uint = −λφ2k
(with k still given by (3.28)), the exact Q-ball solution (3.27)
admits a straightforward generalization12 for any d  3, with
Φ(r, t) = (μ2
λ
2−2ω2
(−(d−1))(+1) )

2 (1+ r2
2
)− 2 e−iωt , and  = 12 ((d −
1) ±√(d − 1)2 + 4μ22 ).
Also, based on some preliminary results, we conjecture that it
is possible to add a small black hole in the center of the d = 4
solitons with a harmonic time dependence studied in this work.
Therefore the inclusion of rotation would allow to circumvent
the no-hair results in [11,22]. Indeed, such solutions were con-
structed recently in [32] for d = 5 and a complex doublet scalar
ﬁeld, in which case a special ansatz [33] allows to deal with ODEs
(see [34] for their generalizations in arbitrary odd spacetime di-
mension).
It would be desirable to study all these solutions also from an
AdS/CFT perspective and to see what they correspond to in the
dual theory.
We close by remarking that the study of Q-balls and boson stars
is interesting from yet another point of view. This type of relatively
simple conﬁgurations provide an ideal ground for investigating var-
ious numerical techniques on axially symmetric problems with
AdS asymptotics, which thereafter can be applied to more com-
plex models.
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